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Abstract
We address the hyperboloidal initial value problem in the context of Numerical Relativity,
motivated by its evolution on hyperboloidal slices: smooth spacelike slices that reach future
null infinity, the “location” in spacetime where radiation is to be extracted. Our approach
uses the BSSN and Z4 formulations and a time-independent conformal factor. The resulting
system of PDEs includes formally diverging terms at null infinity. Here we discuss a regularized
numerical scheme in spherical symmetry. A critical ingredient are the gauge conditions, which
control the treatment of future null infinity. Stable numerical evolutions have been performed
with regular and black hole initial data on a hyperboloidal slice. A sufficiently large scalar
field perturbation will create a black hole, whose final stationary state is different from the
trumpet initial data derived here.
1 Introduction
The energy loss and radiation of an isolated system are in general only well defined at future
null infinity (I +)[1, 2], which also corresponds to the appropriate idealization of astronomical
observers[3]. It is thus at I + where radiation signals should be ideally extracted from numerical
simulations. Following Penrose [1, 4], we set up our problem in a conformally compactified space-
time: instead of the physical metric g˜µν that diverges at infinity, we will use a rescaled metric gµν
defined as
gµν ≡ Ω2g˜µν , (1)
where the conformal factor Ω vanishes at I +. The equations of motion (Gµν [g˜] = 8pi Tµν [g˜])
expressed in terms of gµν will thus formally diverge at I +:
Gµν [g] = 8pi Tµν
[ g
Ω2
]
− 2
Ω
(∇µ∇νΩ− gµν∇γ∇γΩ)− 3
Ω2
gµν(∇γΩ)∇γΩ. (2)
A convenient way to cast the problem into an initial value formulation is to foliate spacetime
along hyperboloidal surfaces. In the inner strong field zone they behave like common Cauchy
slices and asymptotically they reach I +, while remaining spacelike and smooth everywhere. This
approach, the hyperboloidal initial value problem pioneered by Friedrich [5, 6, 7], has proven to
be difficult, in particular for hyperbolic free evolution schemes. For the use of elliptic-hyperbolic
systems see [8, 9, 10]. Stable evolutions of regular initial data with flat end states, obtained with
our spherically symmetric free evolution approach, have been presented in [11], while the first
black hole evolutions, including the measurement of scalar field power-law decay tails, were briefly
described in [12]. A convenient way to represent black holes is by means of trumpet slices[13], whose
interior part is mapped to an infinitely long cylinder. Here we show our progress in simulating
black hole spacetimes by comparing constant-mean-curvature trumpet initial data to the end state
of a collapse simulation.
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2 Hyperboloidal foliations
We start with the following line element on a Cauchy slice:
ds˜2 = −A(r˜)dt˜2 + 1
A(r˜)
dr˜2 + r˜2dσ2, where dσ2 ≡ dθ2 + sin2 θdφ2, (3)
where A(r˜) is general enough to include a Schwarzschild or a Reissner-Nordstro¨m black hole,
among others. The first step is to transform the time coordinate t˜ to a new time coordinate
t whose constant values determine the hyperboloidal slices with help of a height function h(r˜)
(compare e.g. [14]). The radial coordinate is then compactified with the factor Ω¯ and the line
element is conformally rescaled according to (1):
t = t˜− h(r˜), r˜ = r
Ω¯
and ds2 = Ω2ds˜2. (4)
The resulting line element, with A and h′ functions of r/Ω¯, is given by
ds2 = −AΩ2dt2 + Ω
2
Ω¯2
−2Ah′ (Ω¯− r Ω¯′)dt dr +
[
1− (Ah′)2
]
A
(Ω¯− r Ω¯′)2
Ω¯2
dr2 + r2dσ2
 . (5)
We will consider a constant-mean-curvature slice, for which the spatial derivative of the height
function takes the form []
h′(r˜) =
dh
dr˜
= −
KCMC r˜
3 +
CCMC
r˜2
A(r˜)
√
A(r˜) +
(
KCMC r˜
3 +
CCMC
r˜2
)2 . (6)
The constant parameter KCMC is the trace of the physical extrinsic curvature (K˜) and CCMC is an
integration constant. For a given KCMC , there is only one possible choice for CCMC that will pro-
vide trumpet initial data [15]. Examples of hyperboloidal trumpet foliations for the Schwarzschild
and Reissner-Nordstro¨m spacetimes are shown in Fig. 1. Following Zenginog˘lu [16, 17], we choose
i +
i -
i 0
J
+
J
-
R = 0
ÈKCMCÈ = 1
R0 = 1.91
t = const
r = const
i +
i -
i 0
J
+
J
-
R = 0
ÈKCMCÈ = 1
R0 = 1.37
t = const
r = const
Figure 1: Penrose diagrams showing foliations for KCMC = −1 and mass of the black hole M = 1:
on the left for Schwarzschild and on the right for Reissner-Nordstro¨m with charge Q = 0.9M .
a time-independent conformal factor Ω, with the following form and rI denoting the position of
null infinity:
Ω =
r2I − r2
6 rI
|KCMC |. (7)
The compactification factor Ω¯ is determined numerically by imposing a conformally flat initial
spatial metric. In this way, the quantity Ω¯ compactifies two different asymptotic ends: the trumpet
at r = 0 and the hyperboloidal foliation extending towards I + at r = rI .
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3 Conformally compactified equations and gauge conditions
Both the generalized BSSN formulation [18, 19, 20] and the Z4c equations [21, 22] (a conformal
version of the Z4 formulation [23, 24, 25]) are used in their spherically symmetric reduction,
presented in Appendix C of [11]. A massless scalar field is coupled to the Einstein equations and,
expressed in terms of the rescaled metric gµν , its equation of motion takes the form g
µν∇µ∇νΦ−
2Ω−1gµν∇µΦ∇νΩ = 0.
In our spherically symmetric setup we fix the location of I + by demanding that (∂/∂t)a =
αna + βa becomes null there. Since I + is null, we impose that (∂/∂t)a is parallel to ∇aΩ
there, and we obtain the conditions ∂tΩ|I+ = 0 (consistent with our time-independent Ω) and
−α2 + βaβa
∣∣
I+
= 0. The last condition is achieved by imposing fixed values of the gauge quantities
α and βr at I + during the evolution.
Instead of the generalized version of the Gamma-driver shift condition [26] we used in [12], here
we implemented its integrated form[27]:
β˙r = βrβr ′ + λΛr − η βr + L0 − ξβ
r
Ω
βr. (8)
A source function L0 calculated from the initial data was added, as well as a damping term (−βr/Ω)
that makes sure that the value of βr stays fixed at I +. The parameter λ is not allowed to be larger
than (rI KCMC)
2/12 if physical characteristic speeds (only outgoing modes at I +) are desired.
In the Bona-Masso´ family of slicing conditions[28], the harmonic slicing condition [], which
we used in [12], is only marginally singularity avoiding, so that the 1+log condition (strongly
singularity avoiding) deals better with the trumpet data near the origin. However, instead of the
common choice n = 2 [29, 30], we have implemented it in the form
α˙ = βrα′ − nα
(
K˜
Ω
− K˜0
Ω
)
+ L0, (9)
where n = −KCMC rI /3 > 0, in order to obtain physical propagation speeds at I +. The
presence of K˜0 is necessary to avoid exponential growths (the extrinsic curvature is negative on a
hyperboloidal slice) and the source function L0 is calculated from initial data on the hyperboloidal
foliation and ensures that the value of the lapse is fixed at I +.
4 Numerical tests: collapse and trumpet data
The simulations we perform with our spherically symmetric code are restricted to Schwarzschild
spacetimes (A(r˜) = 1 − 2Mr˜ ) or regular spacetimes with a massless scalar field. The parameter
choices are: M = 1, KCMC = −1, trumpet critical value of CCMC = 3.11 (see Chpt. 3 in [31]) and
rI = 1; for the gauge conditions: λ = 12
−1; ξα, ξβr = 5 for collapse and ξα, ξβr = 2 for trumpet
initial data.
Our code uses the method of lines with a 4th order Runge-Kutta time integrator and 4th
order finite differences. Kreiss-Oliger dissipation [32] is added to the equations, which are evolved
on a staggered grid (the spatial grid avoids both the origin r = 0 and I + r = rI ). Outflow
boundary conditions [33] are used at both the inner and outer boundaries. In collapse simulations
flat spacetime initial data is perturbed by a massless scalar field, with initial data
Φ0 = Be
− (r2−c2)2
4σ4 (10)
and chosen values for the center c = 0.5, width σ = 0.1 and amplitude B = 0.055 in the Gaussian-
like perturbation. Intermediate steps in the evolution of the collapse are shown in Fig. 8.14 in [31].
The stationary end state that is achieved coincides qualitatively with the right plot in Fig. 2 - note
how the lapse α goes to zero at the origin, signaling the formation of a black hole.
Vacuum constant-mean-curvature trumpet initial data as described in Sec. 2 for some of the
evolution variables are displayed on the left in Fig. 2. They satisfy analytically the constraint
equations and, if the gauge source functions are calculated from the same trumpet initial data, the
3
right-hand-sides of the evolution equations vanish at the analytic level. However, this initial data
corresponds to an unstable solution: when evolved in our numerical implementation, the variables
slowly drift away from their initial values and no stable stationary end state is found, even if the
solution converges as expected. This was briefly mentioned in [12] and studied in more detail in
[31]. Nevertheless, if the gauge source functions are calculated from flat spacetime initial data, a
stable stationary end state is found after some initial dynamics in the simulation (caused by the
fact that the right-hand-side of the gauge equations does not vanish for the initial data). This final
state coincides with the end state in the collapse simulation (provided that the mass of its final
black hole is the same as M in the initial trumpet data) and can be seen on the right in Fig. 2.
This final stable stationary state also corresponds to a trumpet slice (the proper length inside of
the horizon becomes infinite, while the Schwarzschild radius remains finite), but in this case the
trace of the physical extrinsic curvature is not constant (see K˜ on the right plot in Fig. 2). More
details about this will be given in [34].
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Figure 2: Values of the evolved quantities for constant-mean-curvature trumpet initial data (left)
and stable stationary end state (right). The vertical line denotes the location of the horizon.
5 Conclusions
The Schwarzschild spacetime has been studied in spherical symmetry using a hyperboloidal free
evolution approach based on conformally compactified versions of the generalized BSSN and Z4c
evolutions systems for the Einstein equations. The results shown here complement those regarding
the power-law decay tails of the scalar field presented in [12] and broaden our understanding about
the treatment of strong field data in the hyperboloidal approach. The gauge source functions play
a very important role in determining if a stable stationary solution can be found in the evolution.
Here we compared analytic trumpet data with numerical collapse end data, which turned out to
be trumpet data as well, but with a non-constant mean curvature. In views of this results, we
plan to further study and develop the gauge conditions in the hyperboloidal framework and try to
understand the possible stable stationary numerical representations of the Schwarzschild spacetime
that we can obtain in our implementation.
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